
Volume26A, number 9 P H Y S I C S  L E T T E R S  25 March 1968 

B O S E  C O N D E N S A T I O N  O F  S T R O N G L Y  E X C I T E D  L O N G I T U D I N A L  
E L E C T R I C  M O D E S  

H. FR(JHLICH 
Department of Theoretical Physics,  University of Liverpool, UK 

Received 14 February 1968 

If the energy fed into the branch of longitudinal electric modes exceeds a critical rate then, under statio- 
nary conditions, the excitation energy is channelled into the mode with lowest frequency in a manner 
typical for Bose condensation. 

In the in t roductory  talk to the r ecen t  confe rence  
on T h e o r e t i c a l  Phys ics  and Biology [1] I have con-  
j e c tu r ed  that in l iving s y s t e m s  ce r t a in  coheren t  
longitudinal e l ec t r i c  modes a r e  s t rongly  exci ted,  
and s tab i l i zed  by deformat ions  a r i s ing  f r o m  non 
l inear  effects .  This  con jec tu re  was s t imula ted  
by the ex t rao rd ina ry  d i e l ec t r i c  p r o p e r t i e s  of Cells 
and of some of the re levan t  giant mo lecu le s  in 
con jec tu re  with the r e q u i r e m e n t  of a non-obvious  
l ong - r ange  o rde r  (coherence)  in sy s t ems  which 
a r e  r e l a t i ve ly  s table but not in a l l  r e s p e c t s  in 
t h e r m a l  equi l ibr ium.  It is  the purpose  of the 
p re sen t  note to show that under v e r y  gene ra l  c i r -  
cums tances  the energy fed into the branch of lon-  
gitudinal e l ec t r i c  modes gets  channel led into a 
s ingle  mode in a manner  which c lose ly  r e s e m b l e s  
the condensat ion phenomenon in a Bose gas. 

A s s u m e  the s y s t e m  to cons is t  of Z components  
suspended in a heat  bath, and cons ider  each c o m -  
ponent capable  of d ipolar  e l ec t r i c  osc i l l a t ions .  
Such a component may be a r epea ted  d ipolar  pa r t  
of a giant molecule  (e.g. H-bond) or  it may be a 
l a r g e r  unit. The long range  in te rac t ion  of these  
components  then leads  to the es tab l i shment  of Z 
modes,  usual ly  in a r e l a t ive ly  na r row f requency  
range,  say 

w 1 ~< w ~< ¢o 2 • (1) 

A s s u m e  that energy is  supplied loca l ly  to each 
component  at a ra te  s, so that it may be con-  
s ide red  supplied to each mode of the branch  at 
the same  ra t e  s. In te rac t ion  with the heat  bath 
then leads  to emis s ion  of energy until  a s teady 
s ta te  has been reached.  This  in te rac t ion  with 
the heat  bath must  depend on the exci tat ion of the 
modes;  p r o c e s s e s  of f i r s t  and second o r d e r  in 
the number  of exci ted quanta will  be cons idered .  
The  condition for  s ta t ionar i ty  then r e q u i r e s  for 
each l, 

s = L l , (2) 

where  the r a t e  of loss  of energy L l f r o m  mode 
~01 (containing n I quanta) is a s sum ed  of the f o r m  

L l = dp(T)(n I exp (]i¢Ol/kT) - (1 +nl)) + (3) 

+ x(T) .~  (nl(1 + nj) exp { ~ (w l - ¢oj) /kT} - nj(1 + , l ) ) .  
3 

The in te rac t ion  t e r m s  (,b(T) > 0 and x(T) > 0 with 
the heat  bath will  in genera l  depend on t e m p e r a -  
t u re  T. C lea r ly  L l vanishes  in t h e r m a l  equ i l ib r i -  
um when n I is  a Planck dis t r ibut ion nlT .  With the 
notation N = ~ nj  one finds f r o m  eqs. (2) and (3) 

+ s (4) 
~ o ~  - . ) / k T }  - 1 ' 

which r e q u i r e s  ~co I > ~ >1 0 to sat isfy n l >i O. 
Also 

exp ( - t~ /kT)  = ~ +× ~ (1 +nj)exp ( - ~ w j  / k T  ) = 
¢ + xY (5) 

× S(T) 
- 1 ¢ + N ×  q~ . > 0 ,  

where  

S(T) = dp ~ { n j -  (1 +nj) exp ( - ~ j / k T ) }  . (6) 

C lea r ly  Bose condensat ion into the lowest  
mode w 1 will  take place  when ~ approaches  tiw 1 
v e r y  c lose ly .  One would expect  this to occur  
when s becomes  suff icient ly l a rge .  We shall  
demons t r a t e  this expl ici t ly  for  the high t e m p e r a -  
t u re  ease ,  

k T  >> ~01 . (7) 

In this approximat ion  one finds f r o m  (4) 

n l = + ¢ ~  ~ + . . . .  ( s )  
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Let D(0))d0) be the n u m b e r  of modes in a r ange  
do). Then ff no condensat ion has taken place 
D(0) l) n 1 can be cons idered  a continuous function 
and one finds (N n denotes the total n u m b e r  of 
quanta in this  case) 

0)1 (9) 

and hence in the absence  of condensat ion when 
N = N n one has 

N(~b + xN) kT ; 2  Dd0) 
~-~xN-~s < NO =~- -- w-o) 1 (10) 

w 1 

Now N can also be estimated from the generally 
valid eq. (6), which yields 

S(T) = • - ~  (N- N T) , (II) 

where 0) 1 --< ~ ~< 0)2, and N T is the number of 
quanta in thermal equilibrium. Also in this ap- 
proximation S(T) ~ Zs. It follows from eq. (11) 
that N is a linear function of s because ~ depends 
only weakly on s. Hence a value of s o of s exists 
above which (10) can no longer be fulfilled. The 

situation then closely resembles that in the Bose 
condensation of ideal gases. This implies that a 
continuous distribution niD(Wl) can no longer ac- 
commodate the total number of quanta, tz/~ then 
takes a value below, but so close to the lowest 
frequency 0)1 that condensation into 0)1 takes 
place. The total number of quanta in this case 
becomes  N = N n + kT/(Pi0) 1 - ~). 

Detai ls  depend, of course ,  s t rongly  on the 
pa r t i cu l a r  model. It can be seen,  however,  that 
in genera l  N o will be l a rge r  than the number  of 
t he r ma l  quanta by a factor  of the o rder  
o)1/(o) 2 - W l )  , but f rom (10) i t  follows that the 
c r i t i ca l  number  of quanta at which condensat ion 
s t a r t s  is  l ess  than N o . F ina l ly  it  should be men-  
t ioned that N, according  to eq. (11) is  indepen-  
dent  of X, but X is  ve ry  re levan t  in the condensa-  
t ion condition. 
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T R A N S I T I O N  

The temperature dependence of the nuclear hyperfine splitting of 166Er has been measured in the mag- 
netically ordered ErCo 2 compound, showing a first order magnetic phase transition. The measurements 
indicate a crystalline field interaction which is large compared to the exchange interaction. 

Measurement s  of the dependence upon t empe-  
r a t u r e  of the nuc l ea r  magnet ic  and quadrupole 
hyperf ine  spl i t t ing provide informat ion  on the i n -  
f luence of the c rys t a l l i ne  e lec t r ic  f ield on the 
energy levels  of ions embedded in a magnet ica l ly  
o rdered  metal .  We repor t  he re  the observat ion  

15 
of a c rys t a l l i ne  field in te rac t ion  within the J = T 
ground mul t ip le t  of Er  3+ in the i n t e rme ta l l i c  
Laves compound ErCo2,  which produces  an 

o v e r - a l l  spl i t t ing of the mul t ip le t  which is  l a rge  
compared  to the exchange spl i t t ing of about 100°K 
of the lowest I± ~ )  mult iplet .  

The hyperf ine  spl i t t ing was observed in the 
r e c o i l l e s s  gamma resonance  spec t rum of the 
80.6 keV t r ans i t ion  of 166Er in ErCo2 as  a b s o r -  
be r  ma te r i a l  where the Er  envi ronment  has 
cubic symme t r y .  The measu remen t s  employed 
sources  of HoA12 which were  kept at T = 
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